Abstract-Body posture can greatly influence human performance when carrying out manipulation tasks. Adopting an appropriate pose helps us regulate our motion and strengthen our capability to achieve a given task. This effect is also observed in robotic manipulation where the robot joint configuration affects not only the ability to move freely in all directions in the workspace, but also the capability to generate forces along different axes. In this context, manipulability ellipsoids arise as a powerful descriptor to analyze, control and design the robot dexterity as a function of the articulatory joint configuration. This paper presents a new tracking control scheme in which the robot is requested to follow a desired profile of manipulability ellipsoids, either as its main task or as a secondary objective. The proposed formulation exploits tensor-based representations and takes into account that manipulability ellipsoids lie on the manifold of symmetric positive definite matrices. The proposed mathematical development is compatible with statistical methods providing 4th-order covariances, which are here exploited to reflect the tracking precision required by the task. Extensive evaluations in simulation and two experiments with a real redundant manipulator validate the feasibility of the approach, and show that this control formulation outperforms previously proposed approaches.
I. INTRODUCTION
Human arm kinematics plays a central role when humans plan point-to-point reaching movements, where joint trajectory patterns arise as a function of the visual target [13] , indicating that the task requirements influence the human arm posture. This insight was also identified in more complex situations, where not only kinematic but also other biomechanic factors affect the task planning [5] . For example, the human central nervous system plans arm movements considering its directional sensitivity, which is directly related to the arm posture [18] . This allows humans to be mechanically resistant to potential perturbations coming from obstacles occupying the workspace. Interestingly, directional preferences of human arm movements are characterized by a tendency to exploit interaction torques for movement production at the shoulder or elbow, indicating that the preferred directions are largely determined by biomechanical factors [6] .
Robotics researchers have also explored the impact of robot posture on reaching movements and manipulation tasks (e.g., pushing, pulling, reaching). It is well known that by varying the posture of a robot, we can change the optimal directions for generating motion or applying specific forces. This has direct implications in hybrid control, since the controller capability can be fully realized when the optimal directions for controlling velocity and force coincide with those dictated by the task [4] . In this context, the so-called manipulability ellipsoid [23] serves as a geometric descriptor that indicates the ability to arbitrarily perform motion and exert a force along the different task directions in a given joint configuration.
Manipulability ellipsoids have been used to measure the compatibility of robot postures with respect to fine and coarse manipulation [4] , and to improve minimum-time trajectory planning using a manipulability-aware inverse kinematics algorithm [2] . Vahrenkamp et al. [21] proposed a grasp selection process that favored high manipulability in the robot workspace. Other works have focused on maximizing the manipulability ellipsoid volume in trajectory generation algorithms [8] , and task-level robot programming frameworks [19] , to obtain singularity-free joint trajectories and high task-space dexterity. Nevertheless, as stated in [12] , solely maximizing the ellipsoid volume to achieve high dexterity in motion may cause a reverse effect on the flexibility in force.
The aforementioned approaches do not specify a desired robot manipulability for the task. In contrast, Lee et al. [11] proposed an optimization method for finding reaching postures for a humanoid robot that achieved desired (manually-specified) manipulability volumes. Similarly, a series of desired manipulability ellipsoids was predefined according to Cartesian velocity and force requirements in dualarm manipulation tasks [12] . Note that despite authors in [11] and [12] predetermined task-dependent robot manipulability, their approaches overlooked an important characteristic of manipulability ellipsoids, namely, the fact that they lie on the manifold of symmetric positive definite (SPD) matrices. This may influence the optimal robot joint configuration for the task at hand. For instance, Rozo et al. [17] showed that this geometric property improved a gradient-based redundancy resolution method aimed at varying the robot posture to match a desired manipulability ellipsoid as a secondary objective of a trajectory tracking task.
In this paper we address the problem of tracking robot manipulability ellipsoids from a novel geometry-aware control perspective. The proposed manipulability tracking formulation is inspired by the classical inverse kinematics problem in robotics, where a first-order differential relationship between the robot manipulability ellipsoid and the robot joints is established, as explained in Section III-A. This relationship demands to consider that manipulability ellipsoids lie on the manifold of SPD matrices, which is here tackled by exploiting tensor-based representations and differential geometry (see Section II). This mathematical development is compatible with statistical methods providing 4th-order covariances [17] , which are here exploited to reflect the manipulability tracking precision required by the task, as shown in Section III-B. This also allows our formulation to be easily combined with manipulability transfer frameworks, where desired manipulability ellipsoid profiles are obtained from demonstrations of a specific task performed by either a human or a robot.
Note that we focus on kineto-static manipulability ellipsoids, namely those obtained from differential kinematics and statics relationships (using the duality principle). However, the approach can be straightforwardly applied to other types of manipulability measures such as those proposed in [1, 3, 7] . This opens the door to manipulability tracking problems where different task requirements at kinematics and dynamics levels are needed, which may determine time-varying optimal directions for controlling a robot (e.g., velocity, force, acceleration) to perform successfully. We show that our approach outperforms previous gradient-based approaches [17] in terms of iterations needed to converge to a desired manipulability. The proposed controller is showcased in a pushing task and a peg-in-hole assembly using a 7-DoF robot (see Section IV).
II. BACKGROUND A. Manipulability ellipsoids
Velocity and force manipulability ellipsoids introduced in [23] are kinetostatic performance measures of robotic platforms. They indicate the preferred directions in which force or velocity control commands may be performed at a given joint configuration. More specifically, the velocity manipulability ellipsoid describes the characteristics of feasible motion in Cartesian space corresponding to all the unit norm joint velocities. The velocity manipulability of an n-DoF robot can be found by using the kinematic relationship between task velocitiesẋ and joint velocitiesq,
where q ∈ R n and J ∈ R 6×n are the joint position and Jacobian of the robot, respectively. The set of joint velocities of constant (unit) norm q 2 = 1 describing the points on the surface of a hypersphere in the joint velocity space, can be mapped into the Cartesian velocity space R 6 with
by using the least-squares inverse kinematics relatioṅ
. Equation (2) represents the robot manipulability in terms of motion, indicating the flexibility of the manipulator in generating velocities in Cartesian space.
Note that the major axis of the velocity manipulability ellipsoid Mẋ = (J J ) −1 indicates the direction in which the greater velocity can be generated, which is also the direction in which the robot is more sensitive to perturbations. This occurs due to the principal axes of the force manipulability being aligned with those of the velocity manipulability, with reciprocal lengths (eigenvalues) caused by the duality of velocity and force (see [4] for details).
Other forms of manipulability ellipsoids exist, such as the dynamic manipulability [22] , which gives a measure of the ability of performing end-effector accelerations along each task-space direction for a given set of joint torques. This has shown to be useful when the robot dynamics cannot be neglected in highly dynamic manipulation tasks [3] . Recent works have extended this measure to analyze the robot capacity to accelerate its center of mass for locomotion stability [1, 7] , showing the applicability of the aforementioned tools beyond robotic manipulation.
As mentioned previously, any manipulability ellipsoid M belongs to the set of symmetric positive definite (SPD) matrices S D ++ which describe the interior of the convex cone. Consequently, our manipulability tracking formulation must consider this particular characteristic in order to properly track desired manipulability ellipsoids. We develop a geometryaware formulation that takes inspiration from the classical inverse kinematics, by exploiting Riemannian manifolds and tensor representations, which are introduced next.
B. Riemannian manifold of S ++
The set of D×D SPD matrices S D ++ is not a vector space since it is not closed under addition and scalar product [15] , and thus the use of classical Euclidean space methods for treating and analyzing these matrices is inadequate. A compelling solution is to endow these matrices with a Riemannian metric so that these form a Riemannian manifold. 3 This metric permits to define lengths of curves in the manifold. These curves, called geodesics, are the generalization of straight lines to Riemannian manifolds. Similarly to straight lines in Euclidean space, geodesics are the minimum length curves between two points on the manifold.
Intuitively, a Riemannian manifold M is a mathematical space for which each point locally resembles a Euclidean space. For each point p ∈ M, there exists a tangent space T p M equipped with a positive definite inner product. In the case of the SPD manifold, the tangent space at any point Σ ∈ S D ++ is identified by the space of symmetric matrices Sym D . The space of SPD matrices can be represented as the interior of a convex cone embedded in its tangent space Sym D ; see Fig. 1 . To utilize these tangent spaces, we need mappings back and forth between T p M and M, which are known as exponential and logarithmic maps.
The exponential map Exp Σ : T Σ M → M maps a point L in the tangent space to a point Λ on the manifold, so that it lies on the geodesic starting at Σ in the direction L and such that the distance between Σ and Λ is equal to the distance between Σ and L. The inverse operation is called the logarithmic map
Both operations are illustrated in Fig. 1 . Specifically, the exponential and logarithmic maps on the SPD manifold corresponding to the affine-invariant distance
are computed as (see [15] for details)
In this paper, we exploit the Riemannian manifold framework to compute the difference between manipulability ellipsoids considering that these belong to the set S D ++ . This geometry-aware approach proves to be crucial for tracking manipulability ellipsoids in terms of accuracy and convergence, beyond providing an appropriate mathematical treatment of the tracking problem. Note that Riemannian geometry is used in orientation tracking using unit quaternions [10] and has also been successfully exploited in applications such as robot motion optimization [16] and manipulability analysis of closed chains [14] .
C. Tensor representation
Tensors are generalization of matrices to arrays of higher dimensions [9] , where vectors and matrices may respectively be seen as 1st and 2nd-order tensors. Tensor representation permits to represent and exploit a priori data structure of multidimensional arrays. In this paper, such representation is mainly used to find the first-order differential relationship between the robot joints and the robot manipulability ellipsoid (1st-and 2nd-order tensors, respectively), which results in a 3rd-order tensor. To do so, we first introduce the tensor operations needed for our mathematical treatment.
1) The n-mode product: The multiplication of a tensor X ∈ R I1×...×In×...×I N by a matrix A ∈ R J×In , known as the n-mode product is defined as
where
is the nmode matricization or unfolding of tensor X . Element-wise, this n-mode product can be written as
2) Derivative of a matrix w.r.t a vector: In the following identities, the matrix Y ∈ R I×J is a function of x ∈ R K , while A ∈ R L×I and B ∈ R J×L are constant matrices. The derivative of a matrix function Y with respect a vector variable x is a third order tensor
When the matrix function Y is multiplied by a constant matrix, the partial derivatives of Y are given by: a) Left multiplication by a constant matrix:
Proof:
Right multiplication by a constant matrix:
Finally, another useful operation for our manipulability tracking formulation is the derivative of the inverse of the matrix Y with respect to the vector x, which results in a third order tensor, namely
Proof: We compute the derivative of the definition of the inverse
Then, by isolating
The proposed geometry-aware manipulability tracking, introduced in the next section, takes inspiration from the computation of the robot Jacobian, which is computed from the first-order time derivative of the robot forward kinematics. We use the tensor representation to similarly compute the firstorder derivative of the function that describes the relationship between a manipulability ellipsoid M and the robot joint configuration q.
III. TRACKING MANIPULABILITY ELLIPSOIDS
Several manipulation tasks in robotics may demand the robot to track a desired trajectory with a specific velocity profile, or apply forces along different task-related axes. These requirements are more easily achieved if the robot finds an appropriate posture that permits to apply the required velocity or force control commands. This problem can be viewed as matching a set of desired manipulability ellipsoids that are compatible with the task requirements, so that the robot can perform the task successfully. The desired manipulability ellipsoid profile can be manually set by an expert or alternatively learned from demonstration collected from either a human or a robot [17] . In this section, we introduce an approach that addresses this problem by exploiting the mathematical concepts presented in Section II.
A. Geometry-aware manipulability tracking formulation Given a desired profile of manipulability ellipsoids, the goal of the robot is to adapt its posture to match the desired manipulability, either as its main task or as a secondary objective. We here propose a formulation inspired by the classical inverse kinematics problem in robotics, which permits to compute the desired robot joint values that lead the robot to match a desired manipulability ellipsoid.
First, the manipulability ellipsoid is expressed as a function of time as M (t) = f J q(t) , for which we can compute the first-order time derivative by applying the chain rule as
where J ∈ R 6×6×n is the manipulability Jacobian of an nDoF robot, representing the linear sensitivity of the changes in the robot manipulability ellipsoidṀ = ∂M (t) ∂t to the joint velocityq = ∂q(t) ∂t . Note that the computation of the manipulability Jacobian depends on the type of manipulability ellipsoid that is used. As our focus is on kineto-static manipulability measures, we develop here the expressions for the force and velocity manipulability ellipsoids.
The derivation of the manipulability Jacobian J F corresponding to the force manipulability ellipsoid M F = J J is straightforward by using (8) and (9) 4
Similarly, the manipulability Jacobian Jẋ corresponding to the velocity manipulability ellipsoid Mẋ = (J J ) −1 is obtained using (8) , (9) and (10),
A solution to control a robot so that it tracks a desired endeffector trajectory is to compute the desired joint velocities using the inverse kinematics formulation derived from (1). We use here a similar approach to compute the joint velocitiesq to track a desired manipulability profile. More specifically, by minimizing the L 2 norm of the residuals
we can compute the required joint velocities of the robot to track a profile of desired manipulability ellipsoids as its main task withq
where vec(Ṁ ) is the vectorization of the matrixṀ . Note that (14) allows us to define a controller to track a reference manipulability ellipsoid as main task, similarly as the classical velocity-based control that tracks a desired taskspace velocity. To do so, we propose to use a geometry-aware similarity measure to compute the joint velocities necessary to move the robot towards a posture where the distance between the current manipulability ellipsoid M t and the desired onê M t is minimum. Specifically, the difference between manipulability ellipsoids is computed using the logarithmic map (5) on the SPD manifold. Therefore, the corresponding controller is given byq
where K M is a gain matrix. Alternatively, for the case in which the main task of the robot is to track reference trajectories in the form of Cartesian positions or force profiles, the tracking of a manipulability ellipsoids profile is assigned a secondary role. Thus, the task objectives are to track the reference trajectories while exploiting the robot kinematic redundancy to minimize the difference between current and desired manipulability ellipsoids. In this situation, a manipulability-based redundancy resolution is carried out by computing a null-space velocity that similarly exploits the geometry of the SPD manifold. Thus, the corresponding controller is given bẏ
As in classical Jacobian-based methods, the use of the pseudo-inverse of the manipulability Jacobian in (14) typically requires to add a damping factor tuned as a function of the smallest singular values of J , for numerical robustness. In order to show the functionality of the proposed approach where the goal of the robot is to reproduce a given manipulability ellipsoid either as its main task or as a secondary objective, we carried out experiments with a simulated 4-DoF planar robot. In the first case, the robot is required to vary its joint configuration to make its manipulability ellipsoid M t coincide with the desired oneM , without any task requirement at the level of its end-effector. In the second case, the robot needs to keep its end-effector at a fixed Cartesian position while moving its joints to match the desired manipulability ellipsoid. Fig. 2 shows how the manipulator configuration is successfully adjusted so that M t M when the manipulability ellipsoid tracking is considered as the main task or as a secondary objective. These results show that the approach is suitable to solve these two manipulability ellipsoid tracking problems.
B. Exploiting 4th-order precision matrix as controller gain
An open problem regarding the proposed approach is how to specify the values of the gain matrix K M , which basically determines how the manipulability tracking error affects the resulting joint velocities. In this sense, we propose to define K M as a precision matrix, which describes how accurately the robot should track a desired manipulability ellipsoid. In learning from demonstration applications, such gain matrix would typically be set as proportional to the inverse of the observed covariance. This encapsulates variability information of the task to be learned, and are represented as 4th-order tensors when the variability is computed over an SPD manifold [17] . Our goal here is to exploit this information to demand the robot a high precision tracking for directions in which low variability is observed, and vice-versa.
As SPD matrices, or more broadly, any kind of matrix can be seen as 2nd-order tensor, the computation of covariance of matrices can be represented as a 4th-order covariance tensor. Thus, the covariance S ∈ R D×D×D×D of N matrices X n ∈ R D×D is defined as
where ⊗ denotes the tensor product between two tensors, which is a generalization of the outer product. We therefore introduce the required precision S −1 for a given manipulability tracking task into the controllers defined in Section III-A. To do so, we define the gain matrix K M as a function of the precision tensor. Specifically, in order to take into account the variation of each component of the manipulability ellipsoid, we define K M as diagonal components of the precision matrix S −1 , with a proportion defined by
Alternatively, for cases in which the covariation of the manipulability ellipsoid components is relevant, we may define the controller gain matrix as a full SPD matrix, which is computed from the matricization of the precision tensor S −1 along its two first dimensions, with a proportion defined by
To show how precision matrices work as controller gains in our manipulability tracking problem, we tested different forms of K M aimed at reproducing a given manipulability ellipsoid as a main task with a simulated 4-DoF planar robot. The robot is required to move its joints to track a desired manipulability ellipsoid, where the controller gain matrix K M is diagonal as defined in (18) . We tested four different precision tensors. In the first case, an equal variability for all components of the manipulability ellipsoid matrix is given. Then, the variability along the first or the second main axis of the manipulability ellipsoid, corresponding to the first and second diagonal elements of (18), is reduced. This means that the robot needs to prioritize the tracking of one of the ellipsoid main axes over the other. In the fourth test, the variability of the correlation between the two main axes of the manipulability ellipsoid is reduced. In this last case, the manipulability controller prioritizes the tracking of the ellipsoid orientation over the shape. Figure 3 shows how the manipulator posture is adapted to match the desired manipulability ellipsoid with a priority on the component with the lowest variability. Note that when high tracking precision is required for one of the main axes of the ellipsoid, the robot initially seeks to fit the shape of the ellipsoid along that specific axis, and subsequently it matches the whole manipulability ellipsoid. When high tracking precision is assigned to the correlation of the ellipsoid axes, the robot first tries to align its manipulability with the orientation of the desired ellipsoid, and afterwards tries to match the whole manipulability. Note that the precision tensor naturally affects the computed joint velocities required to track a given ellipsoid, which consequently influences the resulting motion of the end-effector as a function of the precision constraints, as shown in Fig. 4 . After convergence, the desired manipulability ellipsoid is successfully matched for all experiments. These results show that our geometryaware tracking permits to take into account the variability information of a task to define the manipulability tracking precision. Therefore, our formulation may be readily combined with manipulability learning frameworks such as [17] .
IV. EXPERIMENTS
We first evaluate in simulation the proposed approach by comparing it to an Euclidean formulation. We then test the correlation between x1 and x2 axes is assigned a high tracking accuracy. The precision ratio between the prioritized correlation and the other components of the gain matrix is 3 : 1. Initial and desired manipulability ellipsoids are depicted in dark blue and green on all graphs. Time t is given in seconds. Fig. 4 : Evolution of the robot manipulability and end-effector trajectory for different gain matrices when tracking a desired manipulability ellipsoid is the main task. Top: Trajectories of the end-effector for four different gain matrices along with the corresponding manipulability ellipsoids. The initial manipulability ellipsoid is depicted in dark blue. Bottom: Time evolution of the manipulability ellipsoids obtained with four different gain matrices. The gain matrices and manipulability ellipsoid colors correspond to those of Fig. 3 . Position x and time t are given in centimeters and seconds, respectively.
approach with a Baxter robot controlled to track a desired manipulability ellipsoid as secondary objective.
A. Importance of geometry-awareness
The goal of this experiment is to evaluate the proposed tracking formulation compared to a controller ignoring the geometry of SPD matrices (i.e., treating the problem as Euclidean), and the gradient-based approach of [17] . To do so, we consider a planar 4-DoF robot that is required to keep its end-effector at a fixed Cartesian positionx while minimizing the distance between its current and desired manipulability ellipsoids M andM . Thus, the manipulability tracking task becomes a secondary objective. The two following approaches are considered for comparison with the proposed formulation (16) . Firstly, we analyze the corresponding Euclidean manipulability-tracking controlleṙ
where the difference between two manipulability ellipsoids is computed in Euclidean space, i.e., ignoring that manipulability ellipsoids belong to the set of SPD matrices. Secondly, we evaluate the gradient-based approach of [17] that implements the controlleṙ
where α is a scalar gain and
is a cost function based on Stein divergence (a distance-like function on the SPD manifold [20] ). The gain matrices K M are fixed as identity matrices and the scalar gain is set to 1 for the comparison.
To alleviate the computational cost of the controllers using tensor representations, we defined matricization and vectorization operations using Mandel notation, such that
. . .
for 2×2×K third-order tensors and 2×2 matrices. The bottom row shows the evolution of the manipulability ellipsoids over time for the different approaches. Figure 5 shows the convergence rate for the manipulabilitybased redundancy resolution of the aforementioned approaches. Two tests were carried out by varying the initial configuration of the robot and the desired manipulability ellipsoid. In both cases, both geometry-aware and gradient-based approaches converge to a similar final robot configuration (see Fig. 5a , 5b-top-right), with similar values of the affineinvariant distance between the final and desired manipulability ellipsoids (see Fig. 5a , 5b-top left). More importantly, the proposed geometry-aware manipulability tracking approach shows a faster convergence than the gradient-based method, with a lower computational cost (3.5 ms and 4.2 ms per time step, with non-optimized Matlab code on a laptop with 2.7GHz CPU and 32 GB of RAM). This notable difference may be attributed to the fact that despite both methods take into account the geometry of manipulability ellipsoids, our approach is more informative about the kinematics of the robot through the use of the manipulability Jacobian J (q).
Note that for some specific initial robot configurations and desired manipulability ellipsoids, the Euclidean manipulability-tracking controller (20) shows a slightly faster convergence rate than our method (see Fig. 5a ). However, this Euclidean formulation leads to unstable behaviors in some configurations (see Fig. 5b ), where the distance between the final and desired manipulability ellipsoids remains high compared to the other approaches. This poor tracking performance can be attributed to the fact that the Euclidean difference between two SPD matrices is an approximation that is only valid if the matrices are close enough to each other. Thus, the Euclidean manipulability-tracking controller is only effective if the current and desired ellipsoids are very similar.
The reported results not only showed that our approach outperforms the gradient-based method, but also supported our hypothesis that a geometry-aware manipulability controller results in good tracking performance while providing stable convergence regardless of the manipulability tracking error. Furthermore, our controller permits to directly exploit the variability information of a task, given in the form of a 4th-order covariance tensor, through the gain matrix of the controller. This allows the robot to exploit the tracking precision required while matching a manipulability ellipsoid either as main or secondary objective. This operation is not available in the gradient-based method used for comparison, since the corresponding controller gain is a scalar.
B. Experiments with the Baxter robot
The performance of the proposed controller was tested in a pushing task and a peg-in-hole task (plugging an electric cable into an power socket), achieved by the 7-DoF arm of the Baxter robot. In the first experiment, the robot is required to match a desired manipulability ellipsoid aligned with a force that is perpendicularly applied to a wall, while the robot endeffector can freely move on the wall plane (see Fig. 6b ). This task aims at emulating how humans vary their body posture when applying a force with known direction but unknown amplitude to successfully push an object. In this case, the robot controller is defined as (16) , where the desired robot positionx only considers the constraint of being on the wall plane, whileM t corresponds to a force manipulability whose main axis is orthogonal to the wall and kept constant over the course of the task. Figure 6a shows the resulting manipulability using the redundancy resolution controller (16) . As expected, the robot modified its joint configuration in order to match, as accurately as possible, the desired force manipulability, therefore adopting a posture compatible with the force requirements of the pushing task. Note that the matching can in this experiment only be achieved partially, because the robot is also required to keep a position constraint at the level of its end-effector, and therefore the joints configuration to match the desired manipulability is restricted to avoid interference with the primary objective. In order to verify that the robot found an appropriate pose to match the desired manipulability while fulfilling the position constraint, we replaced the manipulability tracking term in (16) by joint velocity commands driven by Brownian noise. This test, carried out in simulation for ten minutes, allowed us to explore the space of possible poses satisfying the primary objective, for which corresponding manipulability ellipsoids were computed. The minimum distance between the computed and desired manipulability ellipsoids obtained in this test coincided with the distance achieved by our controller.
In the peg-in-hole scenario, the robot first needs to track a specific Cartesian trajectory to approach a hole and subsequently insert a peg into it, as shown in Fig. 6 . Desired manipulability ellipsoids were defined according to the task requirements for the two different parts of the peg-in-hole process. Initially, a desired velocity manipulability is aligned with the direction of motion of the end-effector governed by the reference trajectory. Then, a desired force manipulability is set to be aligned with the force applied to insert the peg, which is executed at the end of the task. Note that both alignments refer to the major axis of the ellipsoids. Similarly as the pushing task, the robot used the redundancy resolution controller (16), wherex was defined as the desired Cartesian trajectory to track, whileM t was set based on the aforementioned velocity and force manipulability ellipsoids required by the task.
In order to show the effects of the manipulability tracking controller on the robot posture over the course of the task, we also executed the peg-in-hole experiment with K M = 0, which means that the manipulability tracking was fully disabled. A small difference between the robot postures can be observed during the approaching part, which shows how the manipulability controller influences the trajectory tracking phase. More notably, the robot significantly varied its posture when the insertion part took place, so that its manipulability coincided as accurately as possible with the desired force manipulability ellipsoid. This variation of the joint configuration consequently allows the robot to adopt a posture compatible with the control force required along the vertical direction of the task. Videos of the experiments accompany this paper (https://youtu.be/J4Ej4j6rhdY) and source codes are available at http://www.idiap.ch/software/pbdlib/ 5 .
V. CONCLUSIONS AND FUTURE WORK
This paper presented a novel approach to track robot manipulability ellipsoids. Our work extends the classical inverse kinematics problem to manipulability ellipsoids, by establishing a mapping between a change of manipulability ellipsoid and the robot joint velocity. To do so, we exploited tensor representation and Riemannian manifolds to obtain a geometryaware manipulability tracking controller. This enables the robot to modify its posture so that its manipulability ellipsoid matches a desired one, either as a main control task or as a redundancy resolution problem where the manipulability tracking is viewed as a secondary objective. We showed that the proposed formulation outperforms previous gradientbased approaches and provides a faster convergence rate. Furthermore, we showed that our approach is compatible with statistical methods providing 4th-order covariances, allowing us to exploit task variations to characterize the precision of the manipulability tracking problem, with stronger tracking along low variability directions. As future work, we plan to combine the proposed approach with learning from demonstration techniques, thus extending our work to manipulability transfer problems such as [17] . We will explore the use of our formulation in more complex tasks involving full 6D manipulability ellipsoids, and humanoid robot scenarios requiring to track a manipulability ellipsoid at the center of mass or zero-moment point [1, 7] .
